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The metastability of atomic impurities, Li and B, trapped in solid parahydrogen is studied by employing path
integral molecular dynamics (PIMD) and centroid molecular dynamics (CMD) simulations at 4 K and zero
external pressure. Starting from pure solid hydrogen consisting of 1440 particles, doped systems are prepared
by substituting impurity atoms for hydrogen molecules at substitutional defect sites. For various concentrations,
thermodynamic quantities are then calculated and the stability of the systems is monitored. For the case of
lithium, systems containing 2.5 mol % dopants remain metastable with convergent thermodynamic quantities,
but systems with 3.3 mol % or more dopants become unstable. For the case of boron, systems containing as
high as 15 mol % dopants remain metastable on the time scale of the simulation, while systems with 25 mol
% dopants do not. These results provide evidence of the transition from metastability to global instability and
a rough estimate of the maximum doping density of the two atomic species. The calculations show that
boron-doped systems have the potential to achieve a higher impurity concentration than lithium-doped systems.
The intrinsic boron reaction rate at longer times was calculated for 6.25 mol % of boron impurities. The
quantum centroid potential of mean force (PMF) was calculated and then the recombination reaction rate was
estimated using path integral quantum transition state theory (PI-QTST). The PI-QTST calculation suggests
that the transition state for boron dimer recombination at this concentration occurs at 5.39 Å separation and
its free energy barrier is 360( 36 K. The calculated intrinsic recombination reaction rate is approximately
8 × 10-27 s-1. This result suggests that the overall reaction rate of boron recombination reaction may be
limited by the intrinsic recombination rate rather than by self-diffusion of the impurities. It is also found that
the initial reaction of boron induces only local recombination of other boron impurities at this concentration
and not a global instability. The dynamical effect of a single boron pair reaction on the rest of the system has
also been studied by CMD simulations. These simulations show that the energy release from the dimer
recombination does not lead to global melting of the solid.

I. Introduction

Solid parahydrogen is one of the simplest quantum solids
and has been the subject of many theoretical and experimental
studies. Experimental evidence shows that impurity atoms such
as Li, B, and F can be metastably trapped in the solid hydrogen
matrix, suggesting its potential usage as high energy density
matter (HEDM).1-3 Classical molecular dynamics (MD) simula-
tion is not suitable for these systems because of the substantial
quantum behavior of the host and guest molecules. To date,
various quantum simulations have been performed, but they have
been mostly confined to pure solid parahydrogen or hydrogen
systems containing at most two lithium impurities.4-8 For boron
atoms with parahydrogen, there have been simulation studies
on the stability of small B(H2)n clusters,9,10 and it is suggested
that the clusters are stable from these studies.

For the doped solid hydrogen to be useful as HEDM, the
impurity atoms must remain metastably trapped for a substantial
lifetime. In addition, the concentration of the metastable impurity
should be as high as possible. However, each system will have
some maximal possible impurity concentration. This concentra-
tion, in principle, can be determined through a series of
experiments, but uncontrollable experimental factors make it
very difficult to correlate microscopic details of a system with
its metastability in a quantitative and systematic way, so
complementary simulation studies are useful.

A complete simulation study of the metastability of a quantum
many-body system is a daunting problem. One must identify
quantum metastable states in multidimensional space and adapt
a suitable quantum dynamical simulation method or quantum
rate theory. Only one model system is not enough to study as
the information for various concentrations of the dopant are
required.

The purpose of the present work is as follows: First, a
qualitative global stability analysis of Li doped p-H2 and B
doped p-H2 is carried out and an identification of metastable
states with converging thermodynamic quantities will be made.
For large scale model systems with varying concentration of
the dopants, path integral molecular dynamics (PIMD)11 simula-
tions, an equilibrium finite temperature quantum simulation
technique, are performed. The stability of the system is
monitored along with the convergence of the thermodynamic
quantities. Since PIMD is a fictitious time molecular dynamics
simulation method, the lifetime determined by this method does
not have a genuine physical meaning in real time. However, it
can give an upper bound for the maximum metastable concen-
tration and the qualitative estimation of the relevant thermo-
dynamic quantities. This information is useful for the guidance
of future experimental efforts to prepare samples and for more
quantitative simulation studies.

Second, the pairwise reactivity of boron impurities in a solid
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p-H2 matrix will be studied. An earlier study on the recombina-
tion of Li impurities was carried out by two of us, and it was
found that the Li atom shows significant quantum tunneling
behavior and that the recombination reaction is estimated to be
diffusion limited.8 The boron counterpart of this study is
performed here by constructing a quantum centroid potential
of mean force (CPMF) at a globally stable impurity concentra-
tion.

Finally, the structural and dynamical effects of the pairwise
boron impurity recombination on the rest of the system are
studied. The pairwise reaction of two impurities may induce a
structural change in the lattice and can release significant
amounts of energy into the surrounding environment, both of
which could in turn induce other impurity recombination
reactions. Since the energy release process is a quantum
dynamical process rather than an equilibrium process, the
centroid molecular dynamics (CMD) method12-15 will be used
for this purpose. There have been previous CMD studies on
pure solid p-hydrogen in our group16 which showed that the
calculated phonon spectrum is in good agreement with the
experimentally observed spectrum, while the classical calcula-
tion resulted in very different results. Also, the self-diffusion
constant of liquid p-hydrogen was calculated using CMD,17

showing good agreement with experimental data. Recently,
Kinugawa reported a CMD study on the dynamic structure factor
of liquid p-hydrogen.18

The present paper is organized as follows: In section II a
brief description is given of PIMD and CMD. The potential
energies and calculation methods used in this study will also
be presented in this section. Section III contains the simulation
results and discussion, while concluding remarks are presented
in section IV.

II. Methods

A. Path Integral Molecular Dynamics. The quantum
canonical partition functionZ has the following form

where â ) 1/kBT and H is the system Hamiltonian. Using
indexed complete sets of coordinate and e-âH ) (e-εH)P with ε

) â/P, the partition function can be reexpressed as

Feynman showed that for a large enough number of discreti-
zationsP, this partition function can be described analytically
in terms of quantum paths, i.e.

where the effective potentialVeff(q) is given by

In the limit P f ∞, one obtains

with

One can use PIMD generated by the effective potential in eq 5
to calculate the quantum equilibrium ensemble-averaged proper-
ties of the system.11

B. Centroid Molecular Dynamics. In CMD,12-15 dynamical
properties are calculated by classical-like equations of motion
for the system path centroids, i.e.

whereqc(t) is centroid coordinate of the system. The effective
centroid potentialVc(qc) is given by

whereFc
0(qc) is free particle centroid density, andFc(qc) is the

centroid density for a given potential. The centroid density
Fc(qc) is given by

whereq0 is particle centroid variable, defined as

Since the harmonic spring term of eq 5 gives poor sampling
efficiency (especially if the number of discretizationP is large),
one can use the normal-mode transformation to diagonalize this
term.15,19 This can be done by Fourier expansion of the path,
which is given by

with normal modeRn.19 The normal modesRn are complex with
the following properties

whereR here stands for the “real part of” andI stands for the
“imaginary part of” below. Redefining the normal-mode coor-
dinates as (withP even)

The final expression for the harmonic spring potential in terms
of the normal-mode coordinateRj is given by

S[q(τ)] ) ∫0

âp
dτ{m

2
q3 (τ)2 + V[q(τ)]} (7)

m
d2qc

dt2
) -∇VBc[qc(t)] (8)

Vc(qc) ) -(1/â) ln[Fc(qc)

Fc
0(qc)] (9)

Fc(qc) ) ∫‚‚‚∫ Dq(τ)δ(qc - q0) exp{-S[qi(τ)]/p} (10)

q0 ) 1
pâ∫0

pâ
dτ q(τ) (11)

qj ) ∑
n)1

P

Rn exp[2πi(j - 1)(n - 1)/P] (12)

R1 ) R(R1) (13)

RP/2+1 ) R(RP/2+1) (14)

Rn ) RP+2-n
/ (n ) 2, ...,P/2) (15)

a1 ) R1 (16)

aP ) RP/2+1 (17)

a2n-2 ) x2R[Rn] (n ) 2, ...,P/2) (18)

a2n-1 ) x2I[Rn] (n ) 2, ...,P/2) (19)

Z ) Tr[e-âH] (1)

) ∫ dq〈q|e-âH|q〉 (2)

Z ) ∏
i)1

P ∫ dqi〈qi|e-εH|qi+1〉 (3)

Z ) (m/2πp2
ε)P/2 ∏

i)1

P ∫ dqi exp[-âVeff(qi)] (4)

Veff(qi) ) ∑
i)1

P [ mP

2p2â2
(qi - qi+1)

2 +
1

P
V(qi)] (5)

Z ) ∫‚‚‚∫ Dq(τ) exp{-S[q(τ)]/p} (6)
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whereλ1 ) 0, λP ) 4P and

It should also be noted that once the effective centroid
potential in eq 9 is associated with a reaction coordinate and
all other centroids of the system are integrated over, the reaction
rate can be estimated by path integral quantum transition state
theory (PI-QTST)20-24 which is based on the centroid potential
of mean force (CPMF) for the reaction coordinate. The
calculation of the CPMF as a function of the reaction coordinate
involves the direct calculation of its derivative and then the
integration of this quantity over the reaction coordinate values
of interest. Such a procedure for lithium impurity recombination
is described in a previous paper,8 and the same procedure is
used here for boron impurities.

C. Potential Energy Functions. The Silvera-Goldman
potential25 was used for the H2-H2 interaction as in previous
studies.4-7 For the p-H2/Li studies, the H2-Li and Li-Li
interactions were represented by Cheng and Whaley’s6 and Jang
and Voth’s8 potentials, respectively. For the p-H2/B studies,
Alexander and Wang26 calculated the H2-B potential energies
and generated an analytical expression by averaging over three
different orientations of the 2p orbitals of the boron atom with
respect to the p-H2 molecule. The resulting potential has the
fitted form

wherec1 ) -7.7200× 103 cm-1, c2 ) -5.0553× 106 cm-1,
c3 ) 2.4887× 106 cm-1/Å-1, c4 ) -5.5570× 105 cm-1/Å-6,
andλ1 ) 6.7219× 10-1 Å-1, λ2 ) 1.7967 Å-1, λ3 ) 7.3479
Å. The interactions of the boron impurities with the hydrogen
lattice were approximated by pairwise summation over these
isotropic model potentials.

There have been several studies on the B-B potential energy
surfaces by both experiment and theory.27-30 The ground state
electronic potential is X3Σg

- and the next high-lying electronic
state is I5Σu

-.29 The potential energy difference between these
two states is several orders ofkBT at the potential minimum
(1.590 16 Å) and the difference increases dramatically as the
dimer distance is increased. There is curve crossing around 1.46
Å, but once the boron pair undergoes recombination reactions,
the sampling of the potential energy contribution from the
boron-boron distances less than equilibrium dimer distance
should be ignorable. Recently, there has been new ground state
ab initio calculations by Peterson et al.31 at the val-CAS-
ICMRCI (complete active space-internally contracted multi-
reference configuration interaction)/cc-pCV5Z all-electron cor-
related level, which are the most recent and accurate results.
The data is available only near the potential minimum. Their
results were used to construct an analytical boron-boron
potential using a Morse-like potential form, the Varshni function.
The fitted potential is given by

whereD0 ) 23 475.49 cm-1, r0 ) 1.590 16 Å, andR ) 3.304
× 10-2 Å-2. Another ab initio calculation by Dupuis and Liu27

shows almost the same behavior as our fitted potential. Figure
1 shows the fitted analytical potential for the boron-boron
interaction against the ab initio data of both Peterson et al. and
Dupuis and Liu. The Li-Li and H2-B interaction potentials
are also shown for comparison.

D. Simulation Details. The velocity Verlet (VV-I)32 algo-
rithm was used as an integrator of the thermostated dynamical
equations of motion. The number of quantum discretizationsP
(“pseudo particles”) was set at 48.4-8 Nosé-Hoover chain
dynamics19,33-35 were used to keep the system at a constant
temperature. Nose´-Hoover chains of length 4 were attached
to each normal mode in each Cartesian direction of the
pseudoparticles.32,36-38 The simulation temperature was 4 K
throughout the simulation.

This study required simulations of systems of large size with
numerous initial trials under varying conditions, which proved
to be computationally demanding. Especially the calculation of
the CPMF and the CMD simulations required large amounts of
averaging. To help overcome these difficulties, extensive parallel
computations were used in all the calculations.

1. Global Stability Simulations for Lithium and Boron
Impurities in Solid Hydrogen. To perform a stability analysis
and to obtain an estimate of the maximum impurity doping
densities for lithium and boron in solid hydrogen, it was
necessary that the system be large enough to contain a
reasonable number of impurities in the solid parahydrogen
matrix. Large PIMD simulations with 1440 total particles were
therefore used for this purpose.

Since solid parahydrogen has a large compressibility, there
will be some global volume change after the dopants are trapped.
Conventional constant pressure MD39,40was employed to treat
this situation properly. Nose´-Hoover chains were implemented
with a constant pressure simulation box wall. Pure solid
parahydrogen has a hexagonal cubic packing structure (hcp).
Independent scaling of the three orthogonal directions was
allowed to accommodate the anisotropic nature of this lattice
structure. The external pressure was then set to zero. The
simulation parameters were adjusted to maximize the speed of
convergence. If they are within reasonable range, the simulation
parameters do not affect the simulation results. Table 1 lists
the simulation parameters used.

The initial equilibrium configuration of the pure parahydrogen
was generated starting from the hcp lattice structure with
simulation box lengths of 38.20, 39.70, and 37.43 Å in the three
orthogonal directions, respectively. This corresponds to the
experimental density of pure solid parahydrogen of 23.1 cm3/

Figure 1. Various potential energy functions. The analytical boron-
boron interaction potential is compared with ab initio data.

∑
i)1

P mP

2pâ
(qi+1 - qi)

2 )
mP

2pâ
∑
n)1

P

λnaj
2 (20)

λ2n-1 ) λ2n-2 ) 2P[1 - cos(2π[n - 1]/P)] (21)

V(r) ) c1 exp(-λ1r) + (c2 + c3r) exp(-λ2r) -
c4

2r6
[tanh{1.2(r - λ3)} + 1] (22)

V(r) ) D0[1 - (r0/r) exp{-R(r2 - r0
2)}]2 - D0 (23)
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mol. It took about 4.0 ps of PIMD time, which is about 5000
iterations, to reach equilibrium. The average box size of pure
solid parahydrogen after it has reached equilibrium was 37.94,
39.45, and 37.19 Å. The configuration of the impurity-doped
parahydrogen was then generated by replacing selected hydrogen
molecules in the equilibrated pure solid hydrogen with the same
number of impurities. Starting from this configuration, para-
hydrogen with impurities then evolved under further isothermal
and isobaric PIMD simulation for a long enough time to reach
“equilibrium”, even though this metastable state could be valid
only within the simulation time. A series of different impurity
concentrations was then studied by changing the amount of
trapped impurities systematically.

2. Intrinsic Recombination Rate Calculations for Boron
Impurities in Solid Hydrogen. It is possible that recombination
reactions might occur in the p-H2/B system on a time scale much
longer than that of the global stability simulations, and that such
recombinations could trigger global instabilities in the lattice.
Therefore, two B impurities were forced to recombine in a 6.25
mol % p-H2/B system to study this possibility. PI-QTST
simulations were20-24 used for this purpose.

The reaction coordinate for the recombination of boron
impurities in solid p-hydrogen matrix was defined as the boron-
boron separation, and the CPMF was calculated as a function
of this distance. The same method was followed as in previous
work8 on lithium impurity recombination except that the normal-
mode transformation15 was used to speed up the convergence
of the path integral simulations.

In these simulations, the system consisted of 1152 particles
in total. Starting from a perfect hcp lattice structure, the PIMD
simulations were first performed under constant temperature and
pressure as described above. The equilibrium structure of the
pure solid p-H2 was generated after 10 000 PIMD iterations
(about 9.7 ps of PIMD time).

Instead of placing just two reacting impurities in the hydrogen
simulation cell as in ref 8, in these simulations 72 hydrogen
molecules were replaced with the same number of boron
impurity atoms. The concentration of this system was 6.25 mol
% boron, which is a stable concentration according to a large
scale PIMD stability study similar to those described in the
previous section. The box length after reaching equilibrium with
5000 PIMD iteration was 58.75, 75.40, and 71.21 Å. A pair of
boron atoms in the direction of the longest box length was then
chosen for the PMF calculation at this equilibrium configuration.
Constant temperature and constant volume normal mode PIMD
(NMPIMD)11,32,39,40was used for the calculations.

The equilibrium configurations of the system at different
recombining boron pair distances (reaction coordinate) were
quasistatically generated by increasing/decreasing the pair
distance followed by 2500 NMPIMD iterations. The distance
change was 0.0529 Å and the NMPIMD iterations were
performed with a centroid distance constraint between the
selected boron atoms during this procedure. All other boron
atoms were free to move during the simulations. The mean force
was calculated with a separation interval of 0.397 Å or less if

necessary. A total of 25 000 normal-mode PIMD samplings were
performed at each reaction coordinate for the PMF calculation.
The number of sampling steps was increased to up to 75 000,
depending on the reaction coordinate value, to ensure good
convergence of the calculated PMF.

3. Energy Disposal Calculations for Boron Impurities in Solid
Hydrogen. The energy disposal dynamics during boron recom-
bination was studied using CMD at 6.25 mol %, i.e., the same
concentration as in the PI-QTST intrinsic recombination rate
calculations. Due to the computational cost, the system was
reduced to 432 particles in total of which 27 were boron
impurities. The equilibrium configuration was generated by the
same method as described in the previous section except for a
different system size. The simulation box size after equilibration
was 22.92, 19.85, and 37.43 Å.

The initial CMD configuration was prepared by quasistatically
reducing the distance of a selected boron pair until it reached
5.39 Å, which is the barrier top for the recombination reaction
as determined from the PI-QTST study. Then, CMD simulations
were performed by starting the boron pair slightly to the product
side from the top of the CPMF barrier. The boron pair distance
was reduced by 0.01 Å from the barrier top to accomplish this.

The PIMD time step for solid hydrogen with boron impurities
is about 0.25 fs. The CMD time step was correspondingly
0.0125 fs and the number of centroid force samplings was 10
at every CMD time step. A single CMD trajectory was
calculated and the energies and structure of the system were
monitored as a function of the CMD simulation time.

III. Results and Discussion

A. Global Stability Calculations for Lithium and Boron
Impurities in Solid Hydrogen. In the simulations of the p-H2/
Li system, it was found that 36 Li atoms (2.5 mol %) with 1404
hydrogen molecules remain stable on the time scale of the
simulation. The upper panel of Figure 2 shows the Li-Li pair
distribution function sampled at different PIMD time intervals.
The minimum distance that has a nonzero value in the pair

TABLE 1: Simulation Parameters

system
time step

(ts)a
Nosé-Hoover

massb wall massb
Nosé-Hoover
mass of wallb

H2/Li 0.02 5.0 50.0 50.0
H2/B 0.007 20.0 200.0 200.0

a The time step is given byts ) pâ/(4P)1/2, whereP is number of
PIMD pseudoparticles.b Masses are in units ofts2/(2π2â) (see Ap-
pendix).

Figure 2. Time-dependent Li-Li pair distribution functions for 2.5
mol % (upper panel) and 3.3 mol % (lower panel) impurity concentra-
tions.
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distribution function is 7.8 Å. Table 2 lists various thermo-
dynamic quantities calculated at this concentration. Both the
upper panel of Figure 2 and Table 2 indicate that there is no
Li-Li recombination reaction and it has reached equilibrium;
i.e., the trapped Li atoms remain in a metastable state during
the tested interval of time. Figure 3 shows a configuration of
the 2.5 mol % system from near the end of the simulation.

The same calculation with 48 Li atoms (3.3 mol %) showed
that the system is not stable and Li-Li recombination reactions
begin to occur on a short time scale. The lower panel of Figure
2 is the Li-Li pair distribution function at different times of
PIMD simulation. As the recombination reaction progresses,
energy begins to be released mainly due to the strong Li-Li
interaction potential. The amount of energy released during the
two time intervals is listed in Table 3 along with other
thermodynamic quantities. The large peaks in the pair distribu-
tion function at distances less than 8.0 Å in the lower panel of
Figure 2 clearly show the degree of recombination reactions at
this concentration, which begins a cascade process. The potential
of mean force calculation by Jang and Voth8 shows that the
Li-Li recombination barrier top is at impurity distances of about
8.28 Å. Even though their calculation was performed at a much
lower concentration, the present study is in qualitative agreement

with their results. Figure 4 shows a configuration of the 3.3
mol % system near the end of the simulation. Note the
recombined lithium impurities.

The boron-boron pair potential is much shorter ranged and
more attractive than the Li-Li interaction potential, while the
H2-B interaction is shorter ranged and deeper than that of H2-
Li (cf. Figure 1). As a result, more boron atoms are expected
to be metastably trapped than Li atoms. The simulations indeed
show that 216 boron atoms (15.0 mol %) in 1224 p-H2

molecules remain stable on the time scale of the simulation,
while 360 boron atoms (25.0 mol %) in 1080 p-H2 molecules
do not. The time-dependent boron-boron pair distribution
functions at these concentrations are shown in Figure 5.

The long-range region of the model boron-boron potential
might influence the results of the present calculations, but the
boron-boron potential is a fairly short-ranged interaction, which

TABLE 2: Thermodynamic Quantities of the 2.5 mol %
p-H2/Li Systema

simulation
time (ps) Th/Nh Tl/Nl Vhh/Nh Vhl/Nl Vll /Nl El/Nl vol/vol0

43-107 53 31 -124 -413 -12 -394 1.21
107-192 54 31 -125 -428 -12 -410 1.21
107-320 54 31 -125 -436 -13 -419 1.21

a Energies are in K.Th is the average kinetic energy of H2; Tl is
average kinetic energy of Li;Vhh, Vhl, andVll are the average interaction
energies of H2-H2, H2-Li, and Li-Li, respectively;Nh and Nl are
number of H2 and Li, respectively;El/Nl gives the total released energy
per Li atom; vol/vol0 is the ratio of the final system volume to the
pure hydrogen volume.

Figure 3. Snapshot of 34 Li atoms (2.5 mol %) in 1406 hydrogen
molecules after 406 ps PIMD simulation time.

TABLE 3: Thermodynamic Quantities for the 3.3 mol %
p-H2/Li Systema

simulation
time (ps) Th/Nh Tl/Nl Vhh/Nh Vhl/Nl Vll /Nl El/Nl vol/vol0

0-14 49 30 -116 -342 -35 -347 1.28
14-71 53 39 -120 -374 -3249 -3584 1.25

a Definitions are the same as in Table 2.

Figure 4. Snapshot of 48 Li atoms (3.3 mol %) in 1392 hydrogen
molecules after 242 ps PIMD simulation time. The recombined lithium
atoms are shaded in gray.

Figure 5. Time-dependent boron-boron pair distribution functions
for 15.0 mol % (upper panel) and 25.0 mol % (lower panel) impurity
concentrations.
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is well characterized by our fitted potential. It is therefore
expected that there would be no qualitative change due to errors
in the long-range tail. There might be another more serious error
caused by using a model H2-B potential which is isotropic and
does not have the dependence on the orientation of the 2p boron
orbitals. However, considering the condensed phase environment
and dynamic fluctuations of the hydrogen matrix which average
the interaction around each boron, the use of the isotropic
potential may be justified.

It should also be pointed out that the present simulations do
not consider vacancy sites which might play an additional role
in the stability issue. The impurities are initially arranged such
that they make a uniform distribution at a given concentration.
During the actual experimental deposition of impurities, there
might be an irregular distribution of impurities and some reacted
species which may induce local or global reactions. It is
important that the number of impurities in the present case be
understood as an upper bound for the stability of the system.
The 216 boron atoms (15.0 mol %) case is certainly only a
threshold density. For more highly concentrated systems, the
time-dependent pair distribution function shows boron pairs with
less than 4.3 Å separation readily undergo recombination
reactions. The minimum distance between boron impurities in
the 15.0 mol % system is 4.59 Å. Considering the lattice
constant of pure solid p-H2 is about 3.5 Å, this is a rather short
distance. The thermodynamic data for the two p-H2/B calcula-
tions with 216 B atoms and 360 B atoms are listed in Tables 4
and 5, respectively. Also shown in Figures 6 and 7 are snapshots
of the p-H2/B simulations at the final states showing their
stability and/or instability.

The p-H2/B systems have a considerably higher impurity
concentration than p-H2/Li in its metastable state. It is therefore
likely that B is potentially more useful than Li for creating high
energy density matter. The small size of the B atom contributes
to this extra stability, causing less distortion of the solid p-H2

matrix than the Li atom. This can be seen from Tables 2 and 3.
The total volume of the system changes slightly for the 15 mol
% p-H2/B system even though its impurity concentration was 6
times greater than that for the 2.6 mol % p-H2/Li system. The
B-H2 interaction potential is also much more attractive than
the Li-H2 potential (cf. inset in Figure 1) and not much different
than the H2-H2 potential. This suggests that B atoms may go
into substitutional defects in the p-H2 lattice readily.

In the present work, chemical reactions of the impurity atoms
with the hydrogen molecules were not considered. Recent
experimental results show that a boron atom can undergo an

insertion reaction.1-3 According to ab initio calculations for
cluster systems,41,42 the activation energy barrier for such a
reaction is about 80 kJ/mol, which is much higher than the
thermal energy at 4 K. It should also be noted that only single
initial configurations of the impurity systems were studied due
to the computationally demanding nature of the simulations. A
more systematic study will be the subject of future research.

B. Intrinsic Recombination Rate Calculations for Boron
Impurities in Solid Hydrogen. Figures 8 and 9 show the
computed centroid mean force and centroid potential of mean
force, respectively, for the recombination reaction of two boron
impurities. The overall statistical error of the calculated potential
of mean force is about 10%. The transition state is at 5.39 Å
and there is an abrupt change of the centroid force (and thus
the CPMF) toward the impurity recombination after the transi-
tion state. This is because there is a significant onset of quantum
tunneling of the borons as pointed out in previous work on
impurity recombination.8 The calculated barrier height is 350
( 35 K. As can be seen in Figure 1, the B-H2 well depth is 3
times deeper than the Li-H2 potential, and the latter has more
repulsive energy within the H2 lattice owing to its large size.
Therefore, it may not be surprising that the barrier for intrinsic

TABLE 4: Thermodynamic Quantities for the 15 mol %
p-H2/B Systema

simulation
time (ps) Th/Nh Tb/Nb Vhh/Nh Vhb/Nb Vbb/Nb Eb/Nb vol/vol0

18.1-24.1 64 19 -116 -480 -0.12 -461 1.10
30.2-36.3 64 25 -116 -480 -0.16 -455 1.10
50.4-54.4 64 24 -116 -480 -0.16 -456 1.09
62.5-66.5 64 23 -112 -452 -0.20 -388 1.09

a Definitions are the same as in Table 2.

TABLE 5: Thermodynamic Quantities of the 25 mol %
p-H2/B Systema

simulation
time (ps) Th/Nh Tb/Nb Vhh/Nh Vhb/Nb Vbb/Nb Eb/Nb vol/vol0

3.0-7.9 64 25 -92 -416 -0.60 -391 1.19
26.0-32.2 64 20 -92 -420 -544 -940 1.17
46.5-52.5 64 29 -92 -420 -2360 -2743 1.15

a Definitions are the same as in Table 2.

Figure 6. Snapshot of 216 B atoms (15 mol %) in 1224 hydrogen
molecules after 78 ps PIMD simulation time.

Figure 7. Snapshot of 360 B atoms (25 mol %) in 1080 hydrogen
molecules after 59 ps PIMD simulation time. The recombined boron
atoms are shaded in gray.
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recombination of Li in solid H2 is 4 times less (80 K) than that
for boron.8 The other abrupt changes in the CPMF away from
the barrier region are due to lattice rearrangements in the vicinity
of the recombining impurities.

Using the same analysis as in a previous study,8 the quantum
intrinsic reaction rate is estimated to be 8× 10-27 s-1.
Considering the error in the calculated CPMF, the intrinsic rate
range is 1× 10-30 to 7 × 10-24 s-1. The rate of impurity
recombination can then be described in terms of the intrinsic
recombination rate and the diffusion rate.43-45 Following the
same analysis as for the Li reaction rate,8 the intrinsic
recombination rate is estimated from the intrinsic reaction rate
to be 2× 10-46 cm3 s-1. This extremely slow intrinsic reaction
rate can be compared with the estimated self-diffusion rate which
is 2 × 10-30 cm3 s-1 if boron has the same self-diffusion rate
as pure solid hydrogen. Based on the above qualitative argu-
ments, it can be suggested that in a perfect solid the overall
boron recombination reaction rate is limited by the intrinsic
recombination step (unlike lithium which was estimated to be
a diffusion-limited reaction8). The forced recombination of two
boron impurities at the 6.25 mol % concentration results in only
local recombination of three boron atoms, not global instability,
as will be further discussed at the end of the next section.

Of course, in a real solid there will be defects, grain
boundaries, etc., which may influence the intrinsic recombination
rates. The effects of these will be the subject of future research.

It should also be noted that the current calculation was at only
one particular boron concentration. Furthermore, the selected
boron pair represents only one possible reacting configuration
in the ordered solid hydrogen matrix at the specified concentra-
tion.

C. Energy Disposal Calculations for Boron Impurities in
Solid Hydrogen.As can be seen from the B-B potential energy
function in Figure 1, a boron pair recombination will release a
significant amount of energy during the recombination event.
It was therefore important to study the dynamical effects of the
boron recombination on the overall system stability using a
CMD simulation. The released energy may trigger other
nonequilibrium recombination reactions of adjacent boron atoms
which could produce a cascade effect of recombination reactions.
This is certainly true at higher impurity concentrations as seen
from the global stability simulations at 25 mol %.

Figure 10 shows the system configuration before the CMD
simulation was started. The change of centroid distance between
the selected recombination pair of boron atoms (gray atoms in
Figure 10) is shown in Figure 11 as a function of time. Plotted
is the interpair B-B distance. The distance change is large at
the early stage of the CMD simulation as the pair rapidly
releases its energy to the environment (hydrogen and other

Figure 8. Centroid mean force as a function of centroid distanceRc

between two boron impurities at 6.25 mol %. Note that force at 5.36
Å is not shown here which is-1.09× 10-2.

Figure 9. Centroid potential of mean force (CPMF) from integration
of Figure 8.

Figure 10. Snapshot of 405 hydrogen molecules and 27 boron atoms
(6.25 mol %) before the CMD simulation.

Figure 11. Centroid distance of the selected recombining boron pair
as a function of time. Plotted is the distance as a function of the
equilibrium B-B distance from Figure 1.
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borons). Figure 12 shows the total energy of the boron impurities
in the system as a function of time (as a fraction of a single
B-B well depth). As one can see both from the boron pair
distance change and from the energy release plots, the time scale
by which the boron pair releases a significant amount of energy
to the environment is around 0.25 ps at this impurity concentra-
tion. The released energy from the first recombination helps to
trigger further local recombination reactions with other nearby
boron impurities within the simulation time scale and thereby
changes the local solid structure. The “stair step” nature of the
boron impurity energy as a function of time in Figure 12 shows
the recombination of other local impurities with the initially
recombining pair to form a more stable cluster of five borons
at larger time scales (greater than 1 ps). It is interesting to note
the very short time scale of each additional recombination event
in Figure 12. Figure 13 shows a snapshot of the system after
1.75 ps. The five boron impurities shaded in gray are seen to
have undergone a local recombination process, but the global
structure of the system is unchanged at this concentration. These
results are consistent with those from the PI-QTST simulations
described in the last section. The actual number of borons
included in the local cluster may differ due to the approximate
nature of the pair potential that we have used (i.e., we have
ignored the many-body effects) but the qualitative picture should
remain the same.

Finally, it should be mentioned that the forced recombination
of a boron pair is a nonequilibrium process and that CMD is
clearly approximate in this situation.

IV. Concluding Remarks

In this paper, solid parahydrogen systems doped with lithium
and boron impurities have been studied. Both the global stability
simulations and the computed thermodynamic properties show
that boron is a more effective impurity than lithium in a solid
hydrogen matrix for HEDM purposes since the concentration
stability threshold for boron is estimated to be at least twice
that of lithium. These results also suggest that a realistic
concentration of boron impurities cannot likely exceed 10 mol
%. It was found that the boron recombination reaction rate may
be limited by the intrinsic recombination reaction rather than
the impurity self-diffusion process. The dynamical CMD
simulations and PI-QTST calculations at 6.25 mol % show that
the reaction of a single boron pair induces only local boron
recombinations and may not induce a global instability. The
present results therefore support the concept that the p-H2/B
system may eventually represent a useful form of HEDM.
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Appendix: Constant Pressure MD with a Nose´-Hoover
Chain Thermostat

In Andersen’s constant-pressure MD method, the volume of
the simulation box is allowed to fluctuate by introducing an
extended Lagrangian. In this view, the volume of the system is
changed by a piston (wall) with a fictitious mass. The Nose´-
Hoover chain is then attached both to the atomic particles and
to the fictitious wall.46

After the atomic particle coordinateri is replaced with scaled
coordinateFi ) Q-1/3ri, where Q is volume, the extended
Lagrangian of the system is given by

wheremi is the mass of the atomic particle,N is total number
of particles,V is potential of the system,MQ is mass of the
fictitious wall, Pext is the external pressure,új is the position of
the jth Nosé-Hoover chain attached to wall,Múj is the mass of
the jth Nosé-Hoover chain attached to wall,K is the number
of Nosé-Hoover chains,g is the degree of freedom of the

Figure 12. Released energy as a function of time for the recombining
B-B pair. Plotted is the released energy as a function of the B-B
well depth from Figure 1.

Figure 13. Snapshot of 405 hydrogen and 27 boron atoms (6.25 mol
%) after 1.6 ps of CMD simulation. The locally recombined boron atoms
are shown.
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Nosé-Hoover chain attached to a given object,ηj(i) is the
position of thejth Nosé-Hoover chain attached to theith atomic
particle, andMúj(i) is the mass of thejth Nosé-Hoover chain
attached to theith atomic particle.

One can then derive the equations of motion of the system.
In the resulting expression, the Nose´-Hoover chain attached
to the atomic particles is different from the Nose´-Hoover chain
attached to the fictitious wall, and each atomic particle has its
own Nosé-Hoover chain.
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